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ABSTRACT 
Formulation of the acoustic scattering problem is considered with the aim 
of addressing the prolate spheroidal scatterer. Prolate spheroidal coordi-
nates, operations, and basis functions are reviewed. A new formulation of the 
basic equations is developed expressing elastic body displacements as the sum 
of another vector and the gradient of a scalar (ue = s = -VQ). Scattering 
from a spheroidal body is developed and analyzed with this new formulation. 
The formulation's usefulness in terms of reducing the acoustic wave equation 
to one vector and one scalar Helmholtz equation is employed in addressing the 
scattering from a prolate spheroidal body. Although point matching is requir-
ed, all surface integrals are reduced by orthogonality conditions. An alter-
nate formulation independent of the s-0 technique is introduced for comparison 
and seen to involve more complex surface integrals but fewer unknowns than 
the s-Q technique. 
I. INTRODUCTION 
The problem at hand is the solution for acoustical wave scattering off an 
elastic body immersed in a fluid. The matrix theory for scattering of acous-
tic [1] and electromagnetic [5] waves by single obstacles of arbitrary shape 
fostered by Waterman has been extended to the elastic case by Waterman [3] and 
Varathavajulu and Pao [4]. The extension of this work into the problem of an 
elastic obstacle in a fluid [2] has met with limited success. The method 
which has come to be known as the T-matrix technique involves global expan-
sions using Legendre polynomials and spherical Hankel functions; the technique 
works quite well for nearly spherical objects. 
It is with the motivation of solving the scattering from a prolate spher-
oid that the present technique was developed, although application of the 
basic formulation is not limited to such cases. The intent was to break down 
the elastic equation into a simpler representation, one that is not so limited 
in its separability. The new representation it will be seen is separable in 
thirteen coordinate systems. This is accomplished at the cost of an addi-
tional gauge constraint and one additional freedom because of redundancy 
introduced. 
II. BASIC EQUATIONS 
For the problem at hand, we consider an infinite homogeneous fluid of 
density p and Lame' parameter A (where sound velocity c 2 = A/p). The elastic 
body with density p o and Lame' parameters Ao and po is embedded tn the 
fluid. A monochromatic wave with frequency w, displacement 71i is incident 
upon the obstacle; a scattering wave us 
results. The total field u = u i 
+ u
s 
is more conveniently expressed as the negative gradient of a scalar -VS4f
. The 










2/A. The elastic body wave equation is 
V(V • Ti) 	VxVxu- 
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Because the fluid is assumed inviscid, the relevant boundary conditions 
between the fluid and elastic body are 
— 
n • Hull = 0 	 (3) 





where n denotes the outward interfacial normal, the double bars II H denote 
jump in the quantity within across the interface, and t f(e) is the surface 
traction in the fluid (elastic) body. The traction is derived from 
(1)  
(2)  
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(7) 
III. THEORETICAL FORMULATION u = s - VO 
With the aim of simplifying (2), we adopt a rather non-standard represen-
tation of the elastic displacement Tie as the sum of another vector s and the 
gradient of a scalar. 
u
e 
= s - VS1
e 
Substitution of (8) into (2) yields the new defining equation 
	
2-- 	2— V s + k s = 0 
1 
with the gauge 
02 52+ k2 S2 	r 	
k.21 - 
0 ) V • 
e 	o e 
k
2 
Observe that we have reduced the elastic wave equation to one vector 
Helmholtz equation and one inhomogeneous scalar equation; the homogeneous part 
of these equations involves only one wavenumber each. In the special case 
where k 1 = k0 , the scalar equation becomes homogeneous as well. The advantage 
this technique has over the standard representation of lc as (V x VQ) 
develops in the application of the boundary conditions. In spherical scatter-
ing problems, the basis functions are orthogonal over the obstacle surface, 





systems, the orthogonality of the basis set, if it exists, does depend on the 
wavenumbers; point matching to satisfy boundary conditions is not possible. 
An integral expression of the elastic and fluid unknowns becomes a most con-
venient tool in these cases. Redundancy in the formulation of Tie allows an 
arbitrary condition to be placed on the parameter s or 0 in the volume (such 
3S-2 
e 
as V • s = 0, 	- 0, or Ste  = 0f ). Appropriate use of this function greatly 
reduces the difficulty of matching boundary conditions. Application of this 
formalism to both a spherical and spheroidal elastic body are discussed below. 
IV. APPLICATION OF THE FOKRALISM TO THE SPHERICAL PROBLEM 
Before examining the details of the more difficult spheroidal scatterer, 
consider the extension of the formalism to the solid spherical body scatter-
er. We begin by expanding 2
f 


























cc ii= G ig Tnme Re(TTnme 
where 
Jn = spherical Bessel function of order n 




/2n+1 	(n-m)1)11/2 m 
n
(cos6)(c?s114) ) ; G = e,0 Y0,0 = [ 	 P nma 6m ( 41 (n+m)1 ) -1 	 sinm0) 
m 
= Newmann factor 
a = Azimuthal parity (even or odd) 
m = 0,1,...,n specifies rank of the spherical harmonic 
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a nma = appropriate expansion constants for the incident wave. 
b
nma 
= expansion constants for the outgoing wave. 
Because the Legendre polynomials are orthogonal over a spherical surface, 
the unknowns can be determined quite easily. Note first that the second term 
in the expansion for St e is needed to satisfy the inhomogeneous part of (10); 
thus, d
nma 
is dependent on g 
rnma  through the gauge. There are essentially 5 
sets of unknowns - b, c, and g T . The boundary conditions (3), (4) and (5) 
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an tion. Two convenient choices appear to be:: (a) 	
-f 
S , and (b) V • S = 
0 on the surface. 
Independent of choice, solution proceeds by substituting the expansions 
for C2f , 2e , and S into these 6 conditions (including gauge), multiplying both 
sides of 
Yn'm'G' 
 and integrating over the surface. This essentially amounts 
to solving a 6 x 6 matrix for each indice set since 
J f  Ynmu Y 	ds = nn'mm' daa' 
	 (18) 
V. SPHERICAL OBSTACLE SCATTERING 
The most serious problem faced when leaving the simpler geometric objects 
is that the orthogonality of the coordinate basis sets, if it exists at all, 
is dependent on the wave number of the medium. The spheroidal wave function 
satisfying the scalar wave equation is one such example where the basis set is 
orthogonal and dependent on k; solutions to the vector Helmholtz equation are 
however, not orthogonal. By way of illustrating the technique's versatility, 
we now work out the scattering problem of the elastic spheroid immersed in a 
fluid. 
A. Prolate Spheroidal Coordinates 
With the intent of accurately partraying the problem and thus giving a 
better understanding of the motivation behind the solution suggested, a brief 
review of the prolate spheroidal coordinate system is in order. The spher-
oidal coordinate system (u,v,0) is related to the Cartesian system (x,y,z) as 
follows: 
x 	2,0 1 	v2)(u2 	1) 11/2 cos4 	
(19) 
y 	24 (1 	v2)(u2 	1)11/2 sin4 	
(20) 
z =tuv (21) 
where t is the semifocal length. A representation of these coordinates is 
shown in Fig. 1. Note that in the prolate system 
1 <u < cc and - 1 <v < 1 
The coordinate u is the radial coordinate, v the angular coordinate, and cl) the 
azimuthal coordinate as in cylindrical or spherical systems. As u + co the 
constant surfaces u become spherical and it can be shown that 
to + r 
v + cos° 
where r and 0 are the usual spherical coordinates. 
An element of length is defined as 
2 	2 	2 	2 	2 	2 	2 2 	2 2 (ds) = (dx) + (ly) + (dz) = h
u du + hvdv + h dO 
where 
2 	1/2 
h = 	rut  
u 2 - 1 
2 	2 1/2 
by 
 = R LU - 172 
 j 1 - v 
h = R 1(1 - v
2 
 )(u2 	1)11/2 
using these relationships, one can derive the gradient, divergence, curl, and 
Laplacian necessary in the forthcoming development. 
1 4  vu 	u 	1 4 v _ 	a* * . u * = e a . 
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V2* - 
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(25) 
B. Prolate Sperhoidal Wave Functions 
In spheroidal coordinates the scalar wave equation 




au (u 2 - 1) 7-1-1 + 	(1 - v ) 71-7 + 	2 
a 3 2 a (u 2 - v 2 ) 	a 2 
(u - 1)(1 - v 2 ) 3*
2 + q (u - v )1* = 0 2 2 	2 
(27) 
(22) 








(q,v) 	. (mg)) 
sin 
where R 	and Sm,n satisfy 
















/ S = 0 
1 - v2 
m,n 
m,n are integers. 
A
m,n are the eigenvalue separation constants admitting solutions at v = 
1. 
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r = 0, 









jn ( z ) = 1) 1/2 Jn+1/2 (z) 
Yn(z) = iT) 1 /2 Yn,1/2(z) 
and 
are related to the conventional cylindrical Bessel functions as indicated. 
The radial functions of the third and fourth type are obtained from 
	
R(3) = R (1) 	i +R (2) 
m,n 	m,n m,n 
and 





Sm,n (q ► v) =
m,n 	m 
dr (q)Pm+r (v) . 
r=0,1,2,.. 
The prime over the summation indicates that the summation is over (only) even 
values when n-m is even and over (only) odd values when n-m is odd. The 
associated Legendre functions employed here are defined by 
P: (v) = (1 - v






for - 1 < v < 1 where Pn (v) is a Legendre polynomial of order n. The angle 
functions are normalized such that 
S
m,n






(0) = n(n + 1) , 	n > m . 	 (37) 
The parameter dT ,n (q) is defined by the iterative formula 





(2m + 2r + 3) (2m + 2r + 5) r+2 
(2(m+r)(m+r+1)-2m 2 - 1)q2 
 ld
mn
(q) + l(m+r)(m+r+1) - A
mn
(q) + 










 (q) = 0 (r > 0) 
r 
	 (38) 
and is also tabulated by Fammer (1957). 
From the general theory of Sturm-Liouville differential equations, it 
follows from (30) that the functions Sm,n (q,v) form an orthogonal set on the 
interval -1 < v < +1. Thus, 
-1 	 0 	if n * n' 
+1 
f m,n (q,v)Sm,n ,(q,v)dv = N
m,n 
if n = n' 	
(39) 
where Nm,n is easily found with the use of the normalization factor of the 





r=0,1,2,...(2r + 2m + 1)r! 
co 	(r 	2m)lidm,n 1 2 
(40) 
(In what follows, we shall not show the prime in summations over r. Thus, in 
these cases, we can regard the summation to extend over all values of r but 
dm ' n is zero for even (odd) values of r when n-m is odd (even).) 
The Green's function of the scalar wave equation 
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Finally, solutions to the vector wave equation 
(02 	k2 )A = 0 
	
(43) 








A l = 0i 	 (45) 
A2 = 0 x TV 	 (46) 
A3 = V x 	 (47) 
where r = xa
x 
+ yay  + zaz . 	It should be emphasized that the vector wave 
solutions in any one set are not orthogonal nor are they orthogonal with any 
other set. 
C. A Solution Using the g-i2 Method 
After considerable reflection, it appears that there is sufficient reason 
to warrant avoiding all integral equations involving the vector portion of the 
wave solution. We express S as an expansion of prolate spheroidal basis 

















3mna y x 2mna 
a = even (odd) parity denoting the use of cos(0) (sin(m0)) 
T = index summed from 1 to 3 
*m,n = scalar wave function of (28), using only R
(1) . 
m,n 
The fluid field is the sum of the incident field expressed in terms of known 
coefficients a
mna and the scattered field bmna 







m,n (q) + b 	(q) mna m,n (49) 
where 





mn (q) involves R ,n
(Bessel function) 
(3) (q) involves R (3) (Hankel function). 
mn 	 m,n 
We eliminate the redundancy by requiring the divergence of s to be zero, V • 
a2e = 0, and expand Ste and 
T1-1— 
 on the spheroid surface in terms of qo = k
o
J?.. and 
position u = u s of the spheroid surface as follows: 
SZ 	 'cos m01 	2 
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e  
where G 
4wIr - r i l 
Point matching required in realizing boundary conditions is made possible by 
use of the integral expressions which acts to "smooth out" the basis function 
expansions on the surface. 
The interfacial conditions required for solution are as follows: 
V • s = 0 	 (53) 
as/ 






Ac (v • s - 02 0e ) 	2110 (Vu su - Vu (Vu 0e )) = -AV2 Qf 
n x [n • (V(s - VRe ) + (s - VS1e) = 0 
The first condition (53) gives m x n requirements on 
cTmna 
in terms of m x n 
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All of the quantities in (57) can be expressed in terms of the unknowns c 
Tmna' 
b 
m,n,a m , d,n,a' and  fm,n,a.  The boundary condition expressed in (56) gives a 
relation between c 	f 
T,m,n,a
, dm,n,a 	m,n,a' Thus we have 5 equations and 6 
unknowns for every point, i.e., c l , c 2 , c 3 , b, d, and f. The final condition 
is the integral relation which accomplishes the smoothing discussed above. 
Because of the expansion choice in (50) and (51) (with the (u2 - v2)1"2 term), 
surface integral in (52) falls out immediately, i.e., 
2n 1 	32 	 (2 - 6 ) aG) 	 om 	 (1) f f G - 2 	h dv h d(1) - ik on e on v 	(1) 	2 	 Smn (q,v)Rmn (q,u) 	(58) 
0 -1 	 Nmn (q0) 
Equation (52) then follows without explicitly evaluating any integrals; this 
is the final condition necessary for solution. An inversion of the 6 x n x m 
matrix yields the solution for b m,n,a (the primary parameter of interest). 
Realistically, m is usually fixed by the incident wave to be 1 so the final 
matrix becomes 6 x n in size. 
VI. ALTERNATE SOLUTION OF THE PROLATE SPHEROIDAL 
SCATTERER INDEPENDENT OF THE S - S2 FORMULATION 
A solution of the spheriodal scatterer which develops rather straight-
forwardly independent of the s - S2 method by appropriate expansion of key 
surface quantities is worth consideration. Suppose we begin by expanding the 
fluid wave function 2
f 
as before, 
(1) (3) (q) f = 2 alunomna (q) + b mna mna (59) 
where "a" represents the incident wave and "b" the scattered wave. Again, the 
superscripts (1) and (3) refer to radial "u" dependence involving Bessel and 
Hankel functions, respectively. 	Both of these scalar wave functions are 








f In addition, we express — in terms of spheroidal wave functions 
-  
(1 ) 3S2f 	
d 	 rCOS m0 Lh
u
) an 
mna sm,n(q,v) sin m$ (60) 
Note that d 	is not independent of "a" and "b"; they are easily related m,n,a 
using the orthogonality condition, i.e., multiplying both sides of (60) by 
'cos m'cl) 
Isin m10 and integrating over v and 0. 
1 	1 	1 f S 	i c7: ::}dvd0 (61) 




appropriately. Boundary conditions on normal displacement, normal traction, 







mna Sm,n (q,v) sin m0 
2 y 	 os m0 n•t
e
=k 2, (am,n,a + bm,n,a)Sm,n (q,v) { sin m0 
— n x te = 0 
The tangential component of ue (uv ,u 0 ) are expressed as basis expansions in 
the elastic body wavenumber k i = q/Z, 






dmna m,n -1 
h








,v) I sin m0 
{cos m0 	
(66) 
Thus for each m,n index, there are 3 unknowns "b", "g", and "f". 
As shown by Pao and Varatharajulu (1976), the elastic body displacement 
can be determined as the surface integral 
If t(x.) • G(xlx') - u(x
- 
') • [n' • 	(x1x 1 )]ds' = 	e 
u 
- 
(x), x inside s 
0, 	x not in s (67) 
where 
- exp(ik r)  
G
mn
(xlx') = 	1 
2 
16 








r) 	exp(ik i r) ( 
	
r 	)1 ax axaxn 




a 	r a 	a 
= X 6 
kmn 	o km dx
k 
G + 	G + kn o dx mn 	Gkn ) 
Equation (67) constitutes 3 conditions sufficient to determine the unknowns 
"b", "g", and "f" (or rather elimination of "g" and "f" to allow determination 
of "b"). The integral must be evaluated for n x m surface points to yield a 
matrix containing 3xmxnelements. 
The advantage of this technique is the reduction in the number of 
unknowns. The disadvantage is the evaluation of the integral. Unfortunately, 
no use of orthgonality can be employed to reduce the numerical computation of 
the matrix elements. Greater accuracy can in theory be realized however, due 
to the larger allowable m x n product. 
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